Multi-shape memory effect (multi-SME) in amorphous polymers has attracted great attention due to their complex thermal transitions and multi-step recovery behavior. Many experimental studies have been reported for synthesis, characterization, testing and demonstration of the multi-SME. However, theoretical approaches have seldom been applied although they are critically needed to understand the principles and predict the behavior of the multi-SME in various amorphous polymers. In this study, a new thermomechanical model was proposed to describe the thermo-/chemo-responsive multi-SME of amorphous polymers with tunable segment compositions. Based on the Weibull statistical model, a new constitutive framework was established to describe temperature-, stretch ratio-and strain-dependent behaviors of thermo-/chemo-responsive multi-SME. Finally, this newly proposed model was applied to quantitatively identify the crucial factors for the thermo-/chemo-responsive shape recovery behaviors, which have been verified by the reported experimental data.
Introduction
Shape memory polymers (SMPs) are stimulus-responsive soft materials which could recover their original shapes from the predetermined temporary shapes by means of a suitable environmental stimulus, such as heat, light, electricity, magnetic field or water etc. [1] [2] [3] . In comparison with other types of soft materials such as electroactive elastomers and hydrogels, SMPs have unique and desirable shape memory capabilities owing to the pre-stored mechanical energy during the pre-deformation stage [4, 5] . In terms of thermodynamics, SMP macromolecules are normally composed of two or more segments, at least one of which is the hard segment and the others of which is soft one [6, 7] . A cooperative relaxation could happen between the hard and soft segments at temperatures below and above the glass transition temperature [6] [7] [8] . Therefore, shape memory behavior of amorphous SMPs has been theoretically explained based on the thermo-visco-elasticity effects, and the mobility changes in the macromolecules has been linked to the changes in the viscosity or relaxation time using rheological elements [9, 10] .
For the SMPs with tunable segment compositions, working mechanism of the multi-SME is similar to those of the standard one-stage one with two-segments [11] [12] [13] [14] [15] [16] [17] . SME in the SMPs has enabled a variety of applications including deployable structures, biomedical devices, adaptive optical devices, smart sensors and actuators.
Successful applications of the SMPs are strongly dependent upon the number of temporary shapes and the tunable shape memory transition temperature(s) for the targeted applications [1, 3, 15] . However, it is not straightforward to model the multi-SME due to its complex and dynamic transition of the segment composition [18] [19] [20] [21] [22] [23] [24] [25] . Theoretical studies have previously been proposed to model and predict the multi-SME based on different molecule structures and cooperative relaxation [6, 7] . In these pioneer studies, the constitutive relations were typically based on a specific modeling frame. For example, in order to explain the sophisticate thermomechanical and recovery behaviors of SMPs, a generalized Maxwell model with multiple non-equilibrium branches was often employed [17, 26, 27] . Although simulation results using these models were well agreeable with the experimental results, a huge calculation work was often needed due to the considerations of many parameters in the simulation processes. Therefore, this paper aims to establish a phenomenological model from the thermodynamic point of view to explain the working mechanism in the multi-SME of the thermo-/chemo-responsive SMPs with tunable segment compositions. Based on a Weibull statistical model, a constitutive framework was established to describe the temperature-, stretch ratio-and strain-dependent behaviors of thermo-/chemo-responsive SMEs. Finally, the thermomechanical model was applied to quantitatively identify the key factors of multi-SME, and then verified using the experimental data reported in the literature.
Viscoelastic behavior and theoretical modeling of SME
SMPs exhibit unique thermodynamics properties and respond to the environmental and temperature changes. They were often characterized using dynamic mechanical analysis (DMA) tests, and thus the viscoelastic behavior was often expressed as a function of storage modulus [28] [29] [30] . Therefore, storage modulus is a key function to reflect the thermomechanical properties of SMPs. Weibull statistical model was previously used to explain thermomechanical transitions of the amorphous polymers and their relaxation behaviors of the macromolecules as a function of temperature [31] . This model has the following form, 3 12 
where i E (i=1, 2, 3) is the moduli of the amorphous polymers at a temperature below, at and above glass transition temperature ( g T ); i m represents the Weibull statistics of the bond breakage; T  and f T are the temperatures below and above g T , respectively.
For the SMPs, the transition temperature range of g T ±15 o C is considered to cover the applicable range for the shape recovery. The transition temperature is much higher than the T  , but lower than the f T , so the term of If the transition temperature is decreased, the modulus of the SMP is therefore decreased.
Equation (2) shows that the SME is determined by both the thermomechanical and viscoelastic properties of the polymer macromolecules and their segments. Therefore, the shape memory behavior of amorphous SMPs has been studied via the relaxation time using the rheological elements, which have been previously reported [9, 10] . The Arrhenius rule, Williams-Landel-Ferry (WLF) equation and Vogel-Fulcher-Tammann rule [27, [32] [33] [34] have therefore been employed to model and predict the relaxation behavior of SMPs. The constitutive relationship between the relaxation time ( ) and the external stress  at a given temperature can be written as [35] ,
where G  is the Gibbs energy of activation, ref  is the reference relaxation time and  is a constant associated with the polymer material.
Meanwhile, the modulus of the polymer could also be determined by the relaxation time [34] , which can be written as, 22 -
where 2 E is the modulus of the polymer at the glass transition stage and is the initial modulus at the beginning of the glass transition.
According to the previous work [36] , not only the modulus of the polymer, but also g T is significantly influenced by the stress. Boyer proposed a linear model based on the experimental data to express this phenomenon, which has the form as [37] ,
where A and B are the given constants. When the temperature range is limited to g T ±15K, the 3 E has insignificant influence on the gloss modulus. Therefore, 3 E is assumed to be a constant during the glass transition progress. Here, the relationship between the modulus and stress is obtained by substituting equations (4) and (5) into equation (2) , which results in,
According to the relationship of ( , ) ET     , the resulting strain  is given by,
Based on the previously published work about the effect of stress on the strain for amorphous polymers [38] , the experimental results are employed to verify our theoretical model. Table 1 presents the parameter values of the polymer with g T =340K. The theoretical results obtained based on equation (7) and experimental data of the storage modulus are plotted in Figure 2 for comparisons. It is found that the simulation results are in good agreements with those of the experimental ones for the SMP under stress values of 1.5 MPa and 3.0 MPa. For a given stress, a larger strain (e.g., deformation) is linked with an increase in the temperature. Furthermore, the changes in strain become significant as the SMP is heated to the g T ±15K. These simulation results could also be explained by the effect of temperature on the thermomechanical property (e.g., modulus). The modulus will be decreased with increasing the temperature of the SMP, thus resulting in a larger strain under a given constant stress, based on the origin of the constitutive relation of =/ E  . These simulation results confirm that the constitutive relationships among the strain, temperature and stress can be explained using the equation (7) to characterize the thermomechanical behavior of the SMP.
[ Table 1 ]
For the SMPs, the stretch ratio is an important time-dependent parameter to describe their relaxation behaviors. The relaxation time always plays an essential role to determine the viscoelastic behavior and thermomechanical properties of the SMPs.
According to the WLF equation [27] , effect of time on the relaxation behavior of the SMP has a similar effect as that of temperature. Therefore, the stretch ratio dependence of the g T can be described by, The characteristic modulus as a function of stretch ratio can be expressed using,
where i s is the given constant.
By combining equations (2), (8) and (9), we obtain,
To characterize the effect of frequency on the modulus, equation (10) can be further written as,
Based on equation (11), the relationship between storage modulus and temperature is compared with the experimental results obtained from the styrene-based SMP [38] , which have been presented in Figure 3 . The values of the parameters in equation (11) are presented in Table 2 . It is found that the storage modulus is gradually increased with an increase in the frequency at the same temperature. That is to say, the storage modulus will be increased by decreasing the stretch ratio. A good agreement between the simulation and experimental results supports that the equations (10) and (11) are able to predict the thermomechanical behavior of the SMPs. This model could not only predict the change in thermomechanical performance, but also qualitatively separate the effect of frequency (or stretch ratio) on the g T determined by the constitutive relationship between ( , ) ET and temperature.
[ Table 2 ]
Working mechanism and theoretical modeling of multi-SME
The multi-SME refers to the phenomenon that a SMP has the capability to memorize multiple temporary shapes in a single shape memory cycle [15] [16] [17] . With more than one soft segment and one hard segment, a SMP could have the multi-SME.
Here, we assume that the role of soft segments is similar to that in a dual-segment polymer system, thus the working mechanism of the multi-SME is similar to that for the dual-segment polymer system. We can then formulate the constitutive relationship for the modulus and temperature to characterize the thermomechanical properties of 
where n is the number of the soft segments.
Meanwhile, if the soft segments are in series connections, the normalized cross-sectional area is then assumed as being equal to each other. The proportion of different soft segments can then be represented by the normalized length ( i  ) of the segment. Here equation (11) has a series form as follows,
We firstly studied a SMP with triple-segments, and then extended the model to the SMP with more general multi-segment compositions. For the SMP with triple-segments, it is assumed that the SMP has two values of to be increased from 348K to 370K with an increase in the frequency from 0.01Hz to 100Hz. The same trend could be found for the thermal transition of the second soft segment for the SMPs with triple-segment composition.
[ Figure 4 ]
The above results show that the parallel connection model is better to show the plateau state to indicate a clear multi-SME in SMPs. Therefore, equation (12) is further employed to investigate the effect of the cooperatively thermal transitions of the soft segments on the thermomechanical property. is generated if there is wider transition temperature difference between the two soft segments. This has been well-documented in the experimental work on the structural designs of the multi-SME in SMPs. If the DMA testing is used for determining the multi-SME, we need to choose the SMPs with triple-segments or multi-SME, and a larger temperature difference interval between the   should be noted that the thermomechanical property of the soft segment is only determined by its g T , but not by the transition temperature of the other soft segments.
The thermomechanical property of the SMPs is determined by the cooperative interaction of the soft segments.
[ Figure 5 ]
Boltzmann superposition principle [26, 27] is now employed to characterize the cooperative relaxation effect on the thermomechanical property of the SMPs with multi-segment compositions. Equation (2) can be rewritten as, Figure 6 plots the numerical results obtained from equation (14) for the effect of temperature on the modulus of SMP, together with the experimental data reported in ref. [39] for a comparison. All the given constant values of the parameter used in equation (14) are listed in Table 3 . It is found that the simulation results could well predict the experimental ones. A comparison between results from both the proposed model and experimental work supports that the proposed model could well simulate and predict the multi-SME of the SMPs. Figure 6 shows the results for the SMP with triple segments (one hard segment and two soft ones). It indicates that the two segments trigger two-stage shape recovery and glass transition in the SMP according to the theoretical curve, although the experimental results did not present a clear changes of two-stage shape recovery and glass transition. This indicates that the theoretical model could be used to identify and predict the multi-SME and multi-glass transition in SMPs. It is expected that this phenomenon happens apparently in the second-stage phase transition process similar with the first one for the SMPs with two soft segments.
[ Table 3 ]
[ Figure 6 ]
Modelling of thermo-/chemo-responsive multi-SME
Essentially, the mechanism of chemo-responsive SME in the SMPs is similar to that of the thermo-responsive one [40] . However, instead of being heated above the transition temperature of the SMPs, the chemo-responsive SME is resulted from the decrease of transition temperatures induced by plasticizing or swelling effect [41, 42] .
Here we modified our proposed model in order to predict the chemo-responsive multi-SME. As is well known, absorption of solvent molecules has a similar effect with the reduction of the transition temperature of polymer due to the plasticizing effect [41] . The effect of the absorption of small molecules on the transition temperature can be expressed using the following equation [41] , 1 Tn   (15) where 1 n is the mole number of solvent molecules and  is defined as a proportional factor.
In order to calculate the numbers of the absorption of the solvent molecules, () Vt is introduced and is the volume of the polymer/solvent mixture at the time of t , while labels 1 and 2 represent that the corresponding parameters are for solvent and polymer, respectively.
It is assumed that both polymer and solvent molecules are incompressible. When the solvent molecules are diffused into polymer, the volume of the cubic polymer is changed from 1 to a value of () Vt. The symbols about stretching, e.g., 1  , 2  and 3  are used to represent the dimension changes of the cubic polymer in three directions.
As the polymer is stretched without a constraint, e.g., 
According to the lattice theory [42] , the volume of a polymer molecule is m times as high as that of the solvent molecule. Therefore, the volume fraction of solvent can be further written as, n mn mn   (18) The relationship between the transition temperature and molar number of solvent can be obtained by incorporating equation (18) into (15) , therefore, we now have, 3 22 T mn mn
The function 2 mn   is introduced to simplify equation (19) , 3 T      (20) The stretch ratio is equal to the stretch ratio, which can be written as, Combining equations (7), (20) and (21), we have obtained, gradually decreased by increasing the stretch ratio under a given stretch value. The numerical results reveal that the stretch ratio has a significant effect on the changes of transition temperatures for the SMP. Furthermore, as the transition temperature is decreased to a certain value, the stored mechanical energy in the polymer is released, and accordingly the SME is triggered [43] [44] [45] [46] [47] . As an example, the g T is increased with a value of 10K when the frequency is increased from 0.001Hz to 10Hz. Results
show that the g T is gradually increased if the frequency is applied on the polymer. ) is increased from 0 to 10, which is mainly attributed to the plasticizing effect of solvent on the SMP, according to equation (15) .
[ Figure 7 ]
In this section, we will further qualitatively investigate the swelling-induced shape recovery. Firstly, rubber elastic theory is employed to theoretically identify the effect of volume changes on the activation enthalpy values of the SMP. When a polymer absorbs the solvent molecules, it is swollen until an equilibrium is reached during the swelling [43] . However, it is difficult to use our model to predict the swollen driven instability and buckling of the chemo-responsive SME, which have been previously reported in the literature [44, 45] . This is simply because our model is employed to characterize the thermomechanical properties of the SMPs. The polymer concentration in the mixture (from 2 n to Shape memory behavior of the SMP is governed by WLF rule [11, 17, 26, 27] , and accordingly the relationship between modulus and activation enthalpy can be expressed as, 22 3 exp( ) According to the relationship of the strain (  ) and stretch ratio (  ), combining equations (20) , (24) and (2), we can obtain,
In order to quantitatively investigate the effect of swollen volume on the storage modulus, we set the values of  as  =0, 10, 20 and 40K. The values of the parameters in equation (27) are listed in Table 4 . Based on analytical results of equation (27) , the relationship between storage modulus and swollen volume can be obtained and compared with the reported experimental results [43] for comparisons.
The results are presented in Figure 8 . The simulation results reveal that the storage modulus is gradually decreased with an increase in the swollen volume, which can be well explained using the rubber elastic theory reported in literature [48, 49] . With the increases in the swollen volume of polymer and solvent mixture, the concentration of the polymer is therefore decreased, thus resulting in the decrease of both the activation enthalpy and storage modulus.
[ Table 4 ] On the other hand, effect of the temperature on the storage modulus is shown in Figures 9(b) , which reveals that the storage modulus is gradually decreased with an increase in the temperature. For a given SMP, the storage modulus decreases when the SMP is heated to a higher temperature (from 263K, 273K, 283K, 293K to 303K). The relaxation time is therefore shortened based on the Arrhenius rule, resulting in the earlier initiation of SME and shape recovery.
[ Figure 9 ]
Conclusions
In this study, a thermomechanical model was proposed to investigate the unique characteristics and working mechanisms of amorphous SMP with multi-SME and tunable segment compositions. Weibull statistical model was firstly employed to formulate a constitutive framework for the temperature-, stretch ratio-and strain-dependences of thermo-responsive multi-SME. A thermomechanical model was then proposed to quantitatively identify the key factors behind the thermo-responsive shape recovery behavior, which were verified by the experimental data. The proposed model was further extended to characterize and predict the chemo-responsive SMEs by means of plasticizing and swelling effects, respectively.
Good agreements between the simulation and experimental results were obtained. This newly proposed model is expected to provide a powerful tool to understand the working mechanisms for the SMPs with thermo-/chemo-responsive multi-SME and tunable segment compositions. Table 1 . The values of the parameters in equation (7) [40] and the fitting plots of equation (2) 
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